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\S 1 Introduction
2 Ideal 2-part . Gauss
R\’edei-Reichardt






$G(D)$ 2 $Q(\sqrt{D})$ , $\kappa(X)$ $X$
[\S 6 ] , .










FaCt 2 2 $K(k_{1}, k_{2})$ (ValenCy $(k_{1}, k_{2})$
)
$G(D)=K(q_{1}+1, q_{2}+1)$ $(q_{1}, q_{2}\geq 1)$
$D$ ,
$\kappa(K(q_{1}+1, q_{2}+1))=(q_{1}+1)^{q_{2}}(q_{2}+1)^{q_{1}}$
$\{_{q^{1}}q_{1}\equiv\equiv 01(mod(mod 2)2)$ $q_{2}^{2}q\equiv\equiv 01(mod(mod 2)2)\Rightarrow^{\Rightarrow}e_{2}e_{2}=\geq 01$
.
, $e_{1}=q_{1}+q_{2}+1$ .




. $\lambda_{j}$ $X$ , $n=\# V$ , ValenCy $q+1$ ,
$X$ 2 , $\lambda_{n-1}=-(q+1)$
$\kappa(X)=\frac{2(q+1)}{n}\prod_{i=1}^{n-2}(1+q-\lambda_{j})$
. $Q(\sqrt{D})$
$\{\begin{array}{l}\kappa(X)\equiv 0(mod2)\Leftrightarrow e_{2}\geq 1\kappa(X)\equiv l(mod2)\Leftrightarrow e_{2}=0(X.\text{ })\end{array}$
3$\frac{qn}{2}\equiv 1(mod 2)\Rightarrow e_{2}\geq 1$ . ($X$ : 2 ).
$e_{1}=n-1$ .
Fact 4 2 $X$ , valency : $(q_{1}+1, q_{2}+1)$
$G(D)=X$ $D$
$\kappa(X)=\frac{(1+q_{2})^{n_{2}-n_{1}+1}}{n_{1}}\prod_{i=1}^{n_{1}-1}\{(1+q_{1})(1+q_{2})-\lambda_{i}^{2}\}$
. , $\lambda_{j}$ $X$ , $n_{i}=\# V_{i}$ $(i=1,2)$ ,
$Q(\sqrt{D})$
$\{\begin{array}{l}\kappa(X)\equiv 0(mod2)\Leftrightarrow e_{2}\geq 1\kappa(X)\equiv 1(mod2)\Leftrightarrow e_{2}=0\end{array}$
$e_{1}=n_{1}+n_{2}-1$ .
\S 3 Morton
Abel $H$ 2-Sylow subgroup $H_{2}$ Morton “ $On$
Redei $s$ theory of the Pell equation” [M1]
Proposition 1
$M=(\chi_{j}(\mathcal{A}_{i}))$ $(1 \leq i\leq m, 1\leq j\leq e_{1})$ .
$\{\begin{array}{l}m\geq e_{1}\chi_{j}.H\text{ }X\text{ } (j=l,\cdots,e_{1})e_{1}.H_{2}\text{ _{}\prime}A_{i}.H\text{ }=1\end{array}$
4$D_{1}$ $r_{1}\cross r_{1}$ ( )
$-1$ , +1 .
Definit iOn 1 $M_{1}$ ”reduCed ’ .
Definition 2 $M$ derived sequence $M_{n}$ ;
(1) $M_{1}$ $M$ reduced
(2) $M_{n+1}$ $M_{n}$ deriVed .
Definition 3 $D_{n}$ $m\cross e_{1}$ $M_{n}$
;
$D_{n}$ $r_{n}$
$M=(\chi_{j}(A_{i}))$ $(1 \leq i\leq\uparrow n, 1\leq j\leq e_{1})$
$\{\mathcal{A}_{1}, \cdots, \mathcal{A}_{m}\}$
$A_{1}(\subset H)$ 2 , .
Theorem 1 (Morton [M1]) $M$ deriVed matriCeS $\{M_{n}\}$
$e_{n+1}$ .
$e_{n+1}=e_{1}-r_{n}$ $(n\geq 1)$ .
$e_{n}$ $H_{2}$ $2^{n}$ $r_{n}$
Definition3 $D_{n}$ . $H_{2}$
$2^{v}$ ( $e_{v+1}=e_{v+2}=\cdots=0$).
$D_{v}$ sequence $\{D_{n}\}$ $e_{1}$ .
, $D_{v}$ $H_{2}$ .
5\S 4 R\’edei-Reichardt
Redei 2 Ideal
2-part . R\’edei 2
Ideal 2-part 3 rank .
Reichrdt 2 $Q(\sqrt{D})$ Ideal $C$ $2^{n}$-rank ( $e_{n}$ )
Redei $D$ 2
$\{a_{1}, a_{2}, a_{3}\}$ $e_{2},$ $e_{3}$ . Redei
$e_{1},$ $e_{2},$ $e_{3}$ 2
Morton 1982 [M2] R\’edei 2
.
Definit ion 4 $D$ - $\{D_{1},D_{2}\}$
$D=D_{1}D_{2}=D_{2}\cdot D_{1}$
$D$ 2 $Q(\sqrt{D})$ , $D_{1’}$ $(i=1,2)$ 1
$\{1, D\}$ : $D$






Theorem 2( Gauss, R\’edei-Reichardt )Gauss
$\#$ { $D$ } $=2^{e_{1}}$ .
6R\’edei-Reichardt
$\#$ { 2 $D$ } $=2^{e_{2}}$ .
$e$ ; $2^{i}$ -rank .
\S 5 R\’edei-Reicllardt
2 $Q(\sqrt{D})$ $D$ $G(D)$ . ,
R\’edei-Reichardt R\’edei .










Proposition 22 $k=Q(\sqrt{D})$ $D$ ,
$G(D)$ $\Leftrightarrow A_{D}$ : Le.A .
Proposition 3 $D$ 1 ,
$A_{D}$ $(1 \cross 1)$ .
Lemma 1 (Lagarias[L], Oshima[O]) D 2
, $A_{D}$
.
(1) $D=\Pi p,$ $D=-q\Pi p$ , $p\equiv 1,$q– $3(mod 4)$
(2) $D=-4\Pi p,$ $D=(-4)(-q)\Pi p$ , $p\equiv 1(mod 4),$ $q\equiv 3(mod 8)$
(3) $D=\pm 8\Pi p,$ $D=8(-q)\Pi p$ , $p\equiv 1,$ $q\equiv 3(mod 4)$
7Proposition 4 $N$ , $D$
$G(D)$ .
Definition 7 $D$ - $\{D_{1}, D_{2}\}$ , $G(D)$ $V$ 2
$\{V_{1}, V_{2}\}$ . $i\in V_{j}$ ,
$p_{i}^{*}|D_{j}$ $(j=1,2)$
, .
Proposition 5 $\{V_{1}, V_{2}\}\cdot$ $,$ $V_{1}$ $V_{2}$
$G(D)$ , 2 D-
.
( ) 2 D-
$( \frac{D_{1}}{p}I=1$ $\forall p|D_{2}$ , $( \frac{D_{2}}{p}I=1$ $\forall p|D_{1}$ .
$a_{ij}=1 \Leftrightarrow(\frac{p_{i}^{*}}{p_{j}})=-1$ .
Definition 8 $G(D)$ , $V_{1}$ $V_{2}$
, ( $0$ ) ,
$\{ V_{1}, V_{2} \}$ Eulerian vertex decomposition .
Theorem 3( R\’edei -Reichardt criterion ) D $G(D)$
$G(D)$ Euler vertex decomposition $2^{e_{2}}$ .
$e_{2}$ $Q(\sqrt{D})$ 4 –rank .
$e_{2}\geq 1$ $\Leftrightarrow G(D)$ Euler vertex decomPosition .
Theorem 4 (Pumpl\"un[P] ) $D$
$D=p_{1}^{*}\cdots p_{N}^{*}$ , $p_{i}^{*}(>0)$ : $(i=1, \cdots, N)$
8, $h^{*}(D)$ 2 $Q(\sqrt{D})$
$h^{*}(D) \equiv\sum_{T}\sum_{(i,j)\in T}(1-(\frac{p_{i}^{*}}{p_{j}}I)$ $(mod 2^{N})$ .
, $T$ $N$ spanning trees .
Theorem 5 (Pumpl\"un criterion ) $D$
$D=p_{1}^{*}\cdots p_{N}^{*}$ , $p_{i}^{*}(>0)$ : $(i=1, \cdots, N)$
. 2 $Q(\sqrt{D})$ $h^{*}(D)$
$h^{*}(D)\equiv 2^{N-1}|ST|$ $(mod 2^{N})$
. , I $ST|$ $G(D)$ spanning trees .
$e_{2}\geq 1$ $\Leftrightarrow$ $G(D)$ spanning trees .
, Lagarias , 2 criterion
.
Theorem 6 (Lagarias [L] ) $G$
$|EVD|\equiv|ST|$ $(mod 2)$ .
, $|EVD|$ $G$ Eulerian vertex decomPosition , I $ST|$
$G$ $sPanning$ trees .
Proposition 6 (Oshima $[0]$ ) $K_{n}$ , $V(K_{n})$ $K_{n}$
$\# V(K_{n})=n$ . $(n\geq 2)$
$\overline{K_{n}}$ $K_{n}$ 1 edge $(n^{i}\geq 4)$
1) $|EVD|_{K_{n}}=\{\begin{array}{l}2^{0}’ n\cdot.odd2^{n-2},n\cdot.even(n\geq 2)\end{array}$
2) $|EVD|_{\overline{K_{n}}}=\{\begin{array}{l}2^{0}’ n.\cdot odd2^{n-3},n\cdot.even(n\geq 4)\end{array}$
9\S 6 Zeta
Theorem 7 (Ihara [I]) $X$ valency $q+1$
, $A$ .





Definition 9 (Hashimoto [H]) $X$ , $\Gamma=\pi_{1}(X, p_{0})$
$X$ $EX=\{e_{1}, \cdots, e_{m}\}$ $X$ ,
$EX$ labelling ,
$e_{j}arrow u_{j}$ $(1 \leq j\leq nx)$
$u_{j}$ , $u=(u_{1}, u_{2}, \cdots, u_{m})$
. , $\Gamma$ $P=\{\gamma\}r$
$u^{P}=u^{C_{\gamma}}$
$:= \prod_{k=1}^{d}u_{i_{k}}$ .
, $C_{\gamma}=(y;_{1}, y_{i_{2}}, \cdots, y;_{d})$ $(y;_{k}\in e;_{k} (1 \leq k\leq d))$ , $P$
.
$degP$ $:=d=degu^{P}=|C_{\gamma}|$ ( $=$ $C_{\gamma}$ )
. , $<C>-$ $X$ $d$ $[C]$
$\Gamma$
$\rho$ : $\Gammaarrow U(n)$ $\Gamma$ $n$ unitary
$(p, u)$ $X$ Zeta ( )





. $P=\{\gamma\}_{\Gamma}(resp. [C])$ $\Gamma$ (resp.




. Serre ([S]) , 1985
.
, , ,
. Thorem 7 ,
.
Theorem 8 (Hashimoto [H] ) $X$ valency $(q_{1}+1, q_{2}+1)$ $(q_{1}\geq q_{2})$




, $Z_{X,b}(u)$ $:=Z_{X}(u^{1/2})$ ,
$r=n_{1}q_{1}-n_{2}+1$
$=n_{2}q_{2}-n_{1}+1$
$=$ the rank of $\Gamma=\pi_{1}(X,p_{0})$
.
Spec(X) $=\{\pm\lambda_{1}, \pm\lambda_{2}, \cdots , \pm\lambda_{n_{1}},0, \cdots , 0\}$ $(\lambda_{1}\geq\lambda_{2}\geq\cdots\geq\lambda_{n_{1}}\geq 0.)$
$\det[I_{n_{1}}-(A^{[1]}-q_{2}+1)u+q_{1}q_{2}u^{2}]=\prod_{i-1}^{n_{1}}\{1-(\lambda_{j}^{2}-q_{1}-q_{2})u+q_{1}q_{2}u^{2}\}$.
Lagarias $|ST|$ spanning trees
$[[$
$\kappa(X)$ : $X$
, Zeta $u=1$ .
Theorem 9 (Hashimoto [H]) (1) $X$ valency 1S $q+1$ $(q>1)$
, $\# VX=n$ $r=\dim_{C}H_{1}(X, C)$
$\kappa(X)=\frac{-11}{n(q-1)2^{r-1}(1-u)^{r}Z_{X}(u)}|_{u=1}$ .




(1) $G(D)=K(k_{1}, k_{2})$ : 2 , $q_{1}=2,$ $q_{2}=2$
$\kappa(K(q_{1}+1, q_{2}+1))=(1+q_{1})^{q_{2}}(1+q_{2})^{q_{1}}$








. , $2^{5}|h^{*}(D)$ ,
$H_{2}=C_{2}\cross C_{2}\cross C_{2}\cross C_{2}\cross C_{2}$ .
(2) $X=G(D)$ , $q=1$
$A_{D}$ : $($ $00011000110001100011$
$f_{A}(x)=|xE-A_{D}|=|\begin{array}{ll}0x -1-l000x -1-1-10x 0-1-1-10 0x0-1-1 0x\end{array}|=x^{2}(x-2)(x^{2}+x-1)$
, $\lambda_{j}$ : $(j=1, \cdots, 5)$ ,
$\lambda_{1}=2,$ $\lambda_{2}=\frac{-1+\sqrt{5}}{2},$ $\lambda_{3}=\frac{-1-\sqrt{5}}{2},$ $\lambda_{4}=0,$ $\lambda_{5}=0$
. $X$ :
$\kappa(X)=_{-}\frac{1}{n}\prod_{i=1}^{n-1}(1-\lambda_{j}+q)$ ( , $\lambda_{n}=q+1$ )
, , $n=5,$ $q=1$
$\kappa(X)=\frac{1}{5}2^{2}\frac{(5-\sqrt{5})(5+\sqrt{5})}{22}=\frac{1}{5}2^{2}5=4\equiv 0(mod 2)$ .
$4-rank=e_{2}\geq 1$ .
(3) $G(D)=K(q+2)$ : , $q=2$ ([O])
$G(D)$ :
13










4-rank , Lagarias ,
$|EVD|$
$|EVD|=2^{e_{2}}$ ( $e_{2}$ : 4–rank)
. , $|ST|$ $\kappa(X)$ :
.




. Morton 2 .
\S 2 Abel 8-rank
Abel $G$ $G^{2}$ $4$ -rank
. Morton 2 $Q(\sqrt{-Dq})$ , $4$ -rank
size $e_{2}\cross e_{2}$ matrix $M$ algorism
$e_{3}=e_{2}$ –rank $M$
14
$e_{3}$ ( $=8$ –rank) . ,
8-rank , .
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